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Programa de Engenharia Quı́mica/COPPE, Universidade Federal do Rio de Janeiro, Cidade Universitária, CP:68502, Rio
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ABSTRACT: The drop-in of metallocene catalysts (MCs) in existing industrial polymer-
ization plants is the current goal of most polymer producers. However, the narrow
molecular weight distribution (MWD) of the polymers produced by MCs prevent them
of moving into commodities market dominated by conventional Ziegler–Natta catalysts,
where ease of processing is an essential property. Broader MWDs may be obtained
through mixing of different MCs or blending of different resins, but resin-compatibility
problems and complex undesirable catalyst interactions pose technological problems
that have yet to be solved. For these reasons, modern olefin polymerization plants have
to work with both catalysts to respond to market demands, resulting in costly opera-
tions of grade/catalyst change. In this article, we describe how periodic control of short
residence-time reactors operating with an MC (Me2Si(2-Me-Benz[e]Ind)2ZrCl2/MAO)
can lead to polymers with broad MWD and, consequently, to high processability. © 2000
John Wiley & Sons, Inc. J Appl Polym Sci 77: 437–452, 2000
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INTRODUCTION

Modeling and simulation of olefin polymerization
reactors is of great practical and academic impor-
tance. Mathematical models allow the determina-
tion of optimum reactor operation conditions for
certain product specifications and the range of
products that may be obtained with a determined
process configuration. Besides, mathematical
models are of fundamental importance during the
scale up of new processes, originally developed in
laboratory facilities.

A great part of the academic work developed in
the field of polymer reaction engineering of cata-
lytic olefin polymerizations has been concerned
with the origin of the broad molecular weight
distribution (MWD) of polyolefins synthesized
with conventional heterogeneous Ziegler–Natta
catalysts, rather than with practical aspects of
the polymerization reaction engineering of these
systems. The origin of the broad MWD was attrib-
uted to increase of the mass-transfer resistance
during the particle growth and to the presence of
different active sites in the Ziegler–Natta cata-
lyst. Nowadays, the latter hypothesis is the most
widely accepted.1

Several models were developed in the open lit-
erature to describe the dynamics of growing par-
ticles. The simplest picture was originally pro-
vided by Nagel et al.,2 who assumed that reaction
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takes place on the external surface of the catalyst
particle. The continuous polymer buildup around
the catalyst would then lead to increasing mass-
transfer resistance on the surface and a continu-
ous shift of the polymerization conditions on the
catalyst surface. Schmeal and Street3 took into
consideration the porous nature of the catalyst
and assumed that the active sites move slowly
toward the outer part of the catalyst particle as it
grows, so that different active sites might be ex-
posed to different reaction conditions, due to
mass-transfer limitations in the polymer phase.
This model, usually called the polymeric center
model, was later modified by Schmeal and
Street,3,4 leading to the polymeric flux model,
where the movement of the initially homoge-
neously distributed active sites is assumed to fol-
low the convective flow of the growing polymer
particle. A further refinement of the particle-
growth models is the multigrain model,5,6 where
the catalyst grain is treated as a macroparticle
comprising many small spherical polymer micro-
particles, where diffusion between and within the
microparticles is considered.

Perhaps the most important results obtained
with these models regard the understanding of
the complex dynamic behavior presented by het-
erogeneous Ziegler–Natta polymerization reac-
tors and the assessment of the importance of the
catalyst particle diameter on the stability of gas-
phase olefin polymerization reactors.7–11 Besides,
it was shown that the mass-transfer resistance
exerts a small influence upon the final polymer
properties, when compared to the influence ex-
erted upon the final polymer by the existence of
multiple active catalyst sites with different reac-
tivities.12 Additionally, the effect of the residence
time distribution on the reaction rate and molec-
ular properties of final polymer resins was shown
to be very significant.

The academic and industrial attention in the
Ziegler–Natta polymerization field has recently
turned to metallocene–aluminoxane systems
[metallocene catalysts (MCs)], a new class of
Ziegler–Natta catalysts. Contrary to conventional
Ziegler–Natta catalysts, MCs do not lead to poly-
olefins with broad MWDs, but to polymers with
very narrow MWDs (PD ' 2.0). The narrowing of
the MWD may lead to considerable improvements
of properties like mechanical resistance and
transparency, but has deleterious effects on the
formability of the polymers. (For comprehensive
reviews on the chemistry of MCs, one may refer to

Brintzinger et al.,13 Kaminsky and Arnt,14 and
Bochhman15).

The polymerization reaction engineering of
MCs has not been deeply investigated yet. Vela
Estrada and Hamielec16 investigated homoge-
neous ethene polymerization with Cp2ZrCl2/MAO
and concluded that a double-site model should be
used to describe the polymerization behavior of
this system.

The use of the MC in olefin polymerization
plants may eventually lead to catalyst change
policies in order to allow the production of poly-
mers with improved mechanical properties (using
an MC) and polymers that are easily formable
(using a conventional Ziegler–Natta catalyst) to
respond to different market demands. This is par-
ticularly true for relatively small companies (pro-
ducing less than 500,000 metric tons), which are
obliged to produce a large number of resin grades
to survive. This need may cause the production of
a large amount of off-specification products, as
well as increasing the complexity of the plant
operation. A laborious and widely lauded solution
to this problem is to use a mixture of metallocene
compounds to broaden the MWD and improve the
polymer formability (which would increase con-
siderably the catalyst costs). However, the mix-
ture of different MCs may lead to nonreproducible
catalyst behavior due to the high variability of the
rate of polymerization of each metallocene site.17

A simpler solution is the use of multiple polymer-
ization reactors operating at different polymer-
ization conditions (usually hydrogen concentra-
tion) or the use of oscillatory operation conditions.
In both cases, blending of final polymer resins
may be avoided, as polymer chains are blended at
the molecular scale. The use of periodic operation
procedures has the advantage of requiring a sin-
gle reactor, which significantly simplifies process
design and leads to reduced operational costs.

The periodic operation of continuous chemical
reactors can improve the performance of the re-
acting system and allow a better design and con-
trol of the MWD in a single reactor,18,19 which is
generally very difficult to achieve at stationary
operation conditions. Despite its advantages, the
literature regarding the periodic control of
Ziegler–Natta polymerization reactors is limited
(a comprehensive review of the periodic control of
polymerization reactors can be found in Meira18).
Claybaugh et al.20 investigated experimentally
the influence of the periodical feeding of a trans-
fer agent (hydrogen) on the propene polymeriza-
tion by a TiCl3 catalyst. They pointed out that the
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instantaneous polymer number-average molecu-
lar weight (Mm) is a simple function of the hydro-
gen concentration ([H]):

Mm 5
k

@H#
or Mm 5 kÎ@H# (1)

The appropriate hydrogen-flow profile can be
calculated in order to allow the production of a
polymer with the desired MWD. This very simple
procedure does not take into account the natural
filtering effects observed in CSTR reactors.18

Lee and Bailey21 investigated the combined ef-
fect of mixing conditions and periodic operation
on the Ziegler–Natta ethylene polymerization, us-
ing polymerization reactor data taken from Clay-
baugh et al.20 whenever possible. In investigating
“bang-bang” forced oscillations in the hydrogen
concentration (chain-transfer agent), they con-
cluded that periodical variation of the chain-
transfer agent concentration and imperfect mix-
ing can significantly enlarge the MWD, when
compared to the MWD attained at steady-state
conditions. Besides, it was shown that continuous
reactors filter oscillations/cycling signals very
fast, remaining approximately time-invariant.
With the other extreme situation, when oscilla-
tions are slow, the reactor remains close to the
steady-state condition at each instant.

In this work, the oscillatory operation of olefin
polymerization reactors operating with an MC
was investigated with the objective of producing a
polymer with a broad MWD. Through the simu-
lation of the reactor operation and multiobjective
optimization of the polymer properties, it was
possible to obtain manipulated variable profiles
(temperature, chain-transfer agent, and mono-
mer concentration) that lead to periodical opera-
tion and the production of polypropylene (PP)
with a broad MWD. It was observed that polyole-
fins with broad MWDs may be produced by an
oscillatory operation with, preferably, short resi-
dence-time reactors and that the feasibility of this
strategy depends, essentially, on the sensitivity of
the polymer properties to the manipulated vari-
ables.

PARAMETER ESTIMATION

A simple kinetic scheme based on published
data16,22 was developed. The mechanism de-
scribed by eqs. (2)–(6) comprises the usual steps

of a polymerization reaction by Ziegler–Natta cat-
alysts, which are activation, propagation, chain
transfer, and deactivation. The activation step
takes place when the methylaluminoxane (MAO)
and the metallocene (Zr) are contacted. The
formed active site (C*) is then able to polymerize
propene (M). The chain transfer can take place
through two different steps: chain transfer to
monomer and b-hydrogen elimination. The sec-
ond step is predominant at lower monomer con-
centrations, while the first one is predominant at
higher monomer concentrations. Despite of some
evidence of bimolecular deactivation on metallo-
cene-initiated polymerization,23 for the sake of
simplicity, a monomolecular process was chosen
to represent the active-site deactivation:

Zr 1 MAO O¡
ka

C* (2)

C* 1 M ¡
ki

P1 (3)

Pi 1 M O¡
kp

Pi11 (4)

Pi 1 M ¡
kt

Qi 1 P1 (5)

Pi O¡
kd

Qi (6)

The experimental data presented for the pro-
pylene polymerization with Me2Si(2-Me-Benz[e]-
Ind)2ZrCl2/MAO (ref. 22) was used for parameter
estimation. As the metallocene was precontacted
with MAO ex situ, it was assumed that the cata-
lyst was fed into the reactor in its active form
(C*). Therefore, eq. (2) of the kinetic mechanism
may be neglected. Since the active complex is
highly electrophilic, the insertion of the first
monomer unit takes place very fast, so that this
step may be regarded as instantaneous.

Using the proposed kinetic scheme, the mono-
mer consumption in a well-stirred semibatch re-
actor is given by

Rp 5 kpMae2kdt (7)

where M stands for the monomer concentration in
the liquid phase; a, for the reaction order in rela-
tion to the monomer; and kp and kd, for the prop-
agation rate constant and deactivation rate con-

RETROFITTING OF OLEFIN POLYMERIZATION PLANTS 439



stant, respectively. These rate constants are writ-
ten in standard Arrhenius form:

kp 5 kp0e2Ep/RT (8)

kd 5 kd0e2Ed/RT (9)

A simplified parameter estimation procedure
was carried out to provide a good initial guess to
the polymerization model. Initially, the kinetic
parameters of propagation and the reaction order
were estimated using the maximum polymeriza-
tion rates, using eq. (10) in the linearized form:

Rpmax 5 kp0e2Ep/RTMa (10)

The results obtained (Table I) are in close
agreement with those presented by Jungling et
al.22 These initial guesses were used for a stan-
dard nonlinear maximum-likelihood parameter
estimation.24 As shown in Figure 1, experimental
and simulation profiles agree fairly well. Due to
the model structure, increasing monomer con-
sumption during the first moments of the poly-

merization cannot be described by the model;
however, the activation period is very short when
compared to the other steps and is not significant
for the purposes of this study.

The kinetic parameters for chain transfer were
estimated using eq. (11), which is valid only at
stationary conditions for the chain-growth pro-
cess:

DP 5
kpM

ktmM 1 kth
(11)

where

ktm 5 ktm0e2Etm/RT (12)

kth 5 kth0e2Eth/RT (13)

After linearization of eq. (11), a parameter es-
timation procedure was carried out using the
available experimental data. The estimated rate
constant for transfer to the monomer was found
not to be statistically significant. However, if the
dependence of the number average molecular
weight on the monomer concentration is analyzed
(Fig. 2), one can conclude that at higher pressures
the monomer chain transfer plays a significant
role. To take this dependence into consideration
and keep the number of kinetic parameters low, a
fractional order dependence of the molecular
weight in relation to monomer concentration was
devised:

Table I Estimated Parameters Using Rpmax
Data

1 Parameter
Standard
Deviation

ln(kp0) 25.51 3.56
a 1.6 0.1

2
Ep

R
27845.03 1111.5

Figure 1 Comparison between experimental22 and
calculated polymerization rate data.

Figure 2 Effect of the concentration on the numeric-
average molecular weight22 at T 5 313 K.
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DP 5
kp

kt
Mg 5

kp0

kt0
e2DE/RTMg (14)

where g is the difference between the reaction
order in relation to the propagation and transfer
steps; DE, the difference between the activation
energy of the propagation and transfer steps; and
kt, the chain-transfer rate constant that lumps
the monomer chain transfer and b-hydrogen elim-
ination. Equation (9) was then linearized and the
estimated kinetic parameters were used as start-
ing values for a nonlinear parameter estimation
based on the dynamical equations that describe
the system.

Based on standard kinetic assumptions, using
the well-known method of moments, and taking
into account the reaction order of the propagation
and transfer steps, the mass balance equations
may be derived from the kinetic scheme proposed
as

dl0

dt 5 2kdl0 (15)

dl1

dt 5 2kdl1 2 ktMbl1 1 ~ktMb 1 ktMa!l0 (16)

dl2

dt 5 2kdl2 2 ktMbl1 1 2kpMal1

1 ~ktMb 1 ktMa!l0 (17)

dm0

dt 5 ~ktMb 1 kd!l0 (18)

dm1

dt 5 ~ktMb 1 kd!l1 (19)

dm2

dt 5 ~ktMb 1 kd!l2 (20)

where lk 5 ¥i51
` ikPi is the k-th moment of the

size distribution of growing polymer chains and
mk 5 ¥i51

` ikQi is the k-th moment of the size
distribution of the dead polymer chain.

The number- and weight-average molecular
weights may be obtained by numerical integra-
tion of these equations and used to estimate the
transfer constant:

Mn 5
l1 1 m1

l0 1 m0
PM (21)

Mw 5
l2 1 m2

l1 1 m1
PM (22)

The transfer parameters were reestimated us-
ing the parameters obtained with eq. (14) as ini-
tial starting values. The estimated parameters do
not differ significantly from the initial estimates
since the steady state of the molecular weight is
rapidly reached. Therefore, as long as the steady
state of the molecular weight is rapidly achieved
in relation to the reaction duration, eq. (14) fits
fairly well the average molecular weight of the
polymer produced. The parameters obtained are
shown in Table II, and the excellent agreement
between calculated and experimental data is
shown on Figure 3. The correlation matrix (Table
III) shows that there is a significant correlation
between kp0 and Ep, and between kd0 and Ed.
However, the correlation between the parameters
of propagation and deactivation are surprisingly
low, showing that these steps are physically
meaningful.

Table II Kinetic Parameters

Parameter Value Unit

kp0 2.17E 1 08 mol20.6 L0.6 min21

kd0 0.175442 mol L21 min21

Ep/R 7.38E 1 03 K
Ed/R 1.48E 1 03 K

Figure 3 Comparison between (■) experimental22

and (F) calculated weight-average molecular weight.
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The ratio between the hydrogen chain transfer
and the polymerization constant was roughly es-
timated using the data provided by Carvill et al.25

It was assumed that in the presence of hydrogen,
chain transfer to hydrogen is the dominant chain-
transfer mechanism. The hydrogen concentration
was estimated using the correlation provided by
Whilhem and Battino.26 The ratio between the
monomer constant propagation and the hydrogen
chain transfer at 303 K was found to be 0.23, with
both monomer and hydrogen concentration ex-
pressed in mol/L.

PERIODIC CONTROL

The same kinetic scheme was used to model the
continuous reactor operation. Therefore, it is as-
sumed here that the reactor is fed with the pre-
activated catalyst. Assuming that the continuous
reactor is an isothermal CSTR, and that the long-
chain hypothesis is valid, the moment equations
can be written as

dl0

dt 5 2kdl0 2
l0

u
1

P10

ui
(23)

dlk

dt 5 2kdlk 1 kpMaFO
i51

k S k
i Dlk21G

2 ktMblk 1 ktMbl0 2
lk

u
1

P10

ui
(24)

dmk

dt 5 ~kt 1 kd!lk 2
mk

u
(25)

where lk is the k-th moment of the size distribu-
tion of living polymer chains, and mk, the k-th
moment of the size distribution of dead polymer
chains; M, the monomer concentration (calculat-

ed with the Redlich–Kwong equation of state27);
and P10, the catalyst concentration in the feed.

Since the polymer produced by a homogeneous
MC has a very low density, the volume contrac-
tion/expansion term from the global mass balance
should not be disregarded if a significant amount
of polymer may be produced. Assuming that the
density changes due to monomer concentration
are not significant when compared to variations
due to the polymer produced and the reaction
temperature, the total mass balance equation be-
comes

u 5
rui

ri 2 uiFS r

TD dT
dt 1 S r

CpolD dCpol
dt G (26)

where ui is the residence time in relation to the
reactor inlet; u, the residence time in relation to
the reactor outlet; r, the reaction mixture density
(the polymer density was taken from Brandrup
and Immergut28); T, the reactor temperature;
and Cpol, the polymer concentration in the reac-
tor evaluated as shown in eq. (27), where PM is
the monomer molecular weight. The resulting
system of algebraic-differential equations (DAE)
was solved using the DASSL code. Given a con-
sistent set of initial conditions, DASSL solves
the DAE over a given time interval via an im-
plicit, adaptative-size, variable-order numerical
method. The dependent variable and their deriv-
atives are discretized via backward finite differ-
ences (BDF) formulas of one through five, and the
resulting nonlinear system is solved using a mod-
ified Newton iteration29:

Cpol 5 ~l1 1 m1!PM (27)

The instantaneous polymer properties, num-
ber-average molecular weight, and polydispersion
can be calculated by integration of moment equa-
tions and using the relations

Mn~t! 5 PM
m1~t!
m0~t!

(28)

PD~t! 5
m2~t!m0~t!

m1
2~t!

(29)

The problem of finding a trajectory of a control
variable u(t) that leads the system from its initial
state to a final state such as the periodic con-

Table III Correlation Matrix of the
Deactivation and Propagation Kinetic
Parameters

kp0 kd0 Ep Ed

kp0 1.00 0.71 20.95 20.69
kd0 0.71 1.00 20.67 20.97
Ep 20.95 20.67 1.00 0.70
Ed 20.69 20.97 0.70 1.00
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straints are satisfied may be formulated in terms
of a nonlinear programming problem:

minimize g~u! 5 $f@u~t!, v, t, t# 2 fobj%
2 (30)

subject to V~0! 5 V~t! (31)

where V is the vector that defines the reactor
state; g, the functional that defines the optimiza-
tion goals; and f, the vector containing the prop-
erties of the polymer produced during the oscil-
lating period t.

The properties of a polymer produced during
one oscillation period (t) can be obtained solving
the DAE and averaging the moments of the MWD
of the polymer effluent from the polymerization
reactor. The average properties may be inter-
preted as if there was a surge tank at the reactor
outlet where the polymer produced by the reactor
is mixed and homogenized, so that the final prod-
uct is a blend of all polymers produced by the
reactor during the periodical cycle t. Therefore,
the final product is a blend of polymer chains
produced during the periodical cycle t. However,
this blend is finely dispersed, as molecular chains
with different properties are produced and mixed
inside the reactor before being fed to the surge
tank:

l# k 5

E
t

t1t lk~t!
u~t! dt

E
t

t1t 1
u~t! dt

(32)

Equation (32) was evaluated numerically using
Gaussian Quadrature.30 The number-average
molecular weight and the polydispersion can be
calculated from eqs. (33) and (34):

Mn 5 PM
m1

m0
(33)

PD 5
m2m0

m1
2 (34)

To carry out the optimization, the control prob-
lem was discretized and the minimization was
performed over the control variable, solving the
DAE over the horizon of control [0, t] for each set
of control variables suggested by the optimization

algorithm. This approach, although not univer-
sally suitable, is very efficient if the solution of
the DAE converges and if intermediate iterates
that are either nonphysical or noncomputable are
not generated.31 To guarantee that spurious in-
termediate iterations were not generated, an op-
erational window was imposed on the control
variables.

The total time interval [0, t] was divided into N
equal subintervals of length Dt each, and, at each
time, the discretized control variable was defined
as

tk 5 kDt, k 5 0, 1, . . . , N (35)

u~t! 5 uk, k 5 0, 1, . . . , N (36)

with tN 5 NDt 5 t. At each subinterval t [ [tk,
tk11], u(t) was defined by a C1 piecewise shape
preserving quadratic spline interpolant hk

32, with
nodes uk and uk11. Shape-preserving splines
keep all the continuity advantages of the spline
interpolants, avoiding the need of continuity con-
straints in the optimization problem and preclud-
ing the oscillations present in cubic splines that
lead to violation of the bound constraint, as no-
ticed in the early stages of this work. The shape of
the data points is preserved by employing mono-
tonicity-constrained local derivative estimates
and exponential tension splines. Besides, bound
constraints may be applied in the spline interpo-
lant, easing the numerical programming proce-
dure. Furthermore, shape-constrained C1 splines
are visually similar to piecewise linear interpol-
ants, which are easily implemented in the control
practice.

The N uk’s are determined by the optimization
procedure, and the operational window is defined
by upper and lower bounds on the discretized
control variables:

lbk , uk , ubk, k 5 0, 1, . . . , N (37)

To avoid that spline interpolants hk’s become
physically meaningless (e.g., concentration less
than zero), additional constraints are added to the
spline generation routine:

lbk , hk~t! , ubk, k 5 0, 1, . . . , N (38)

Initially, sequential quadratic programming
(SQP) method was used to find a feasible solution
to the nonlinear programming problem formu-
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lated above.30 However, the method was unable to
find a solution which satisfied the constraints and
reasonably minimized the objective function. This
behavior was ascribed to the dual characteristic of
the objective function. To obtain a broad MWD,
the control variable must perturb the reactor suf-
ficiently to increase the polymer polydispersity.
However, these perturbations lead to a situation
where the periodic constraints may become ac-
tive, so that the method gives up this new control
function and keeps the reactor unperturbed.

An alternative procedure was envisaged: The
periodic constraints were included in the objective
function, that is, turned into a multiobjective
function with the form

minimize f~u! 5 h1@f~u, v, t, t! 2 fobj#
2

1 h2@V~0! 2 V~t!#2 (39)

subject to lb # u # ub (40)

where h1 and h2 are weights of the objective func-
tion. To avoid scaling problems, the objective
function was rewritten in a dimensionless form:

f~u! 5 h1 O
i51

k Swi~u, v, t, t!

wobj
2 1D 2

1 h2 O
i51

j S ṽ~0!

ṽ~t!
2 1D 2

(41)

where wi are the i properties of the polymer pro-
duced in each cycle; wobj, the desired value of the
properties (namely, number-average molecular
weight and polydispersion); and ṽ(0) and ṽ(t), the
reactor states at t 5 0 and t 5 t. The optimiza-
tion procedure was applied in the equally spaced
spline nodes uk. The value of u at the last node
(uN) was set equal to the value at the first node
(u0), so that the optimization procedure was car-
ried out in the N 2 1 nodes. In the first optimi-
zation runs, the starting values of uk were ob-
tained by a steady-state optimization procedure
on the average molecular weight, and all the uk’s
were set to the result of the steady-state optimi-
zation. The weights in the objective function were
initially set to unity. After finding the first mini-
mum, the weight of the periodic constraint was
set to 5–10 to fine tune the solution.

To choose the optimization method, some char-
acteristics of the problem had to be taken into

consideration. The objective function is evaluated
by an adaptative integration of a DAE system and
an adaptative quadrature, which makes the eval-
uation of the objective function expensive and
sometimes noisy; the only constraint is that the
control variables are bounded. The optimization
was performed by the code L-BFSG,33 which min-
imizes a general nonlinear function with bounds
on the control variables, using gradient and func-
tion evaluations, not requiring second derivatives
of the objective function that may be affected by
the noise from the numerical integrations. At
each iteration k, the code approximates the orig-
inal problem, through a truncated Taylor Series
expansion, by a quadratic subproblem (42) subject
to the bound constraints (40):

qk~u! 5 f~uk! 1 ¹f~uk!
T~u 2 uk!

1
1
2 ~u 2 uk!

T Bk~u 2 uk! (42)

where ¹f(uk) is the gradient of the objective func-
tion at uk, evaluated by the forward finite differ-
ence with the Ridders extrapolation method,30

and Bk is a positive definite limited memory ap-
proximation of the inverse of the Hessian matrix
obtained by storing m correction pairs {si, yi}, i
5 k 2 1, . . . , k 2 m, where

sk 5 uk11 2 uk yk 5 ¹f~uk11! 2 ¹f~uk! (43)

These correction pairs contain information about
the curvature of the function and, in conjunction
with the BFGS formula, define the limited mem-
ory iteration matrix Bk.33

Although the number/weight-average molecu-
lar weight and the polydispersion are widely used
as a measure of the polymer quality in the poly-
mer reaction engineering literature, it is very use-
ful to obtain the entire MWD to access the shape
of the distribution. Due to the significant compu-
tational effort involved in calculating the entire
MWD, it was not used for optimization calcula-
tions. The MWD was calculated using a method
based on the moments of the MWD [calculated by
eqs. (23)–(26)] and on polynomial approximation.
This method is described elsewhere34 and will be
only briefly outlined here.

The basic assumption of the method is that the
chain-length distribution (CLD) ui(t) of a polymer
at any time t can be expanded in a truncated
series with the form
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wi~t! 5 j~i, r!O
k50

n

ak~t, r!lk ~i! (44)

where j(i, r) is a strictly positive integrable ref-
erence function, which may depend on a time-
dependent parameter r; lk(i), a set of Lagrange
polynomials of the discrete variable i; and ak(t,
r), the expansion coefficients of the CLD.

The reference function must be as close as pos-
sible to the actual distribution w(i) sought in
order for acceptable solutions to be obtained.35

The choice of the reference function usually relies
on some sort of a priori insight into the chemical
process. If the MWD resembles the classical
Schulz–Flory distribution, as it is usually as-
sumed in Ziegler–Natta systems,36 r has a clear
physical meaning, which is associated to the prop-
agation probability of polymer chain. Then, the
final polymer MWD can be regarded as the distri-
bution that would be obtained in a simpler situ-
ation (where the polymer chain has the same
propagation probability r) corrected by a polyno-
mial in order to take into account the complexity
of the real system. j(i, r) is obliged to satisfy the
following constraints:

O
i51

`

j~i, r! 5 1 (45)

O
i51

` i

j~i, r! 5
g1~t!
g0~t!

(46)

or, more simply, if the Schulz–Flory distribution
is selected as the proper reference function,

@1 2 r~t!#21 5
g1~t!
g0~t!

(47)

If the moments of the distribution are calculated
by the classical method of moments with suffi-
cient accuracy, the coefficients ak may be com-
puted by solving the following linear system of
equations:

gj 5 O
i51

`

ijj~i, r!O
k50

n

ak~t, r!lk ~i!sk
j ,

k 5 0 . . . n and j 5 0 . . . n (48)

To obtain an adequate approximation of the
final polymer MWD, the reference distribution,
weighted by the amount of polymer produced, was
integrated over the oscillation period:

j@i, r~t!# 5 E
t

t1t

~l1~t! 1 m1~t!!jreactor @i, r~t!#dt

(49)

The MWDs presented were calculated using the
first five moments calculated by integrating eqs.
(23)–(26). The integral (49) was solved by simply
summing up the integrand over the oscillation
period. The reference distribution was calculated
by introducing the first two moments of the whole
polymer inside the reactor at each time t into eq.
(47).

RESULTS AND DISCUSSION

The first problem that arises in the periodical
reactor control is to find the cycle period t. Ini-
tially, the oscillation period was set as a variable
to be optimized; however, this strategy was not
successful. In all runs, the period selected by the
optimization routine was very long, leading the
system from a certain steady-state condition to a
second one. So, a more restrictive procedure was
used, the cycle period was chosen a priori, and
then the optimization procedure applied. By de-
creasing the cycle period, it is possible to deter-
mine the minimum oscillation period that still
allows the proper attaining of the control objec-
tives. A similar numerical strategy was used suc-
cessfully to solve a series of optimum minimum-
time control problems.37

Figure 4 shows the search for the minimum
period. The optimized temperature profile ob-
tained for oscillation periods of 150, 120, and 80
min, respectively, and the corresponding polydis-
persion of the polymer inside the reactor, that is,
the variable which is most sensitive to reactor
history, are shown. Desired properties were se-
lected in order to allow the production of PP usu-
ally obtained with conventional Ziegler–Natta
catalysts. It can be seen in Figure 4 that as the
oscillation period decreases it becomes harder to
satisfy the periodical constraint. Naturally, the
minimum oscillation period also depends on the
operational window imposed on the reactor. If
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this window is widened, the oscillation period
may decrease significantly.

It should also be noticed that the reactor stays
around the higher-temperature part of the opti-
mized dynamic profile approximately the same
time that it stays close to the lower-temperature
part of the diagram. This is accomplished by ma-
nipulating the catalyst feed. If the catalyst feed is
not manipulated, the reactor operates in a small
time interval at higher temperature, where it can

produce a large amount of polymer, and then op-
erates in a larger amount of time at lower tem-
perature, where the productivity, for the same
catalyst concentration, is much lower. Neglecting
the catalyst deactivation, the amount of catalyst
(C0) that must be fed into a continuous reactor to
assure a certain productivity can be calculated by

Rp 5 P10kpM1.6 (50)

Figure 4 Search for the minimum period. Optimized temperature profile and poly-
dispersity of the polymer inside the reactor in function of time: (a) t 5 150 min; (b) t
5 120 min; (c) t 5 80 min. Desired properties of iPP: Mn 5 90,000; PD 5 5.0.
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where the reaction order was estimated as pre-
sented before. This means that higher catalyst
concentrations are needed to keep the reaction
rate constant when the reactor operates at lower
temperatures, assuring a more uniform reactor
productivity throughout the reactor period. It was
found through extensive simulations that, as long
as the reactor is not flooded by the polymer, the
chosen value of Rp has little effect on the opti-
mized profile, since the catalyst feed recipe ob-
tained for different Rp’s will differ only by a con-
stant, if the temperature profile and the monomer
concentration are kept constant.

It was found that a minimum period of 120 min
is adequate to satisfy the periodic constraints and
attain the optimization goals. This means that
the oscillation period is of the same order of mag-
nitude of the residence time of existing commer-
cial processes, which guarantees that the strategy
is compatible with production schedules and may
be implemented in practice.

From the shape of the profiles, it may be in-
ferred that the control variable profiles obtained
with longer oscillation periods are very good
starting points to the optimization procedure with
smaller periods. Actually, this initialization strat-
egy allows faster convergence and, sometimes,
assures the finding of better solutions.

Figure 5 shows the evolution of the number-
average molecular weight and the MWD of the
final polymer. It may be seen that the final prod-
uct is a molecular blend of polymer chains with
significantly different sizes. More interesting,
Figure 5 shows that bimodal distributions may be
produced with the oscillatory operation proce-
dure. It is known that such PP MWDs may con-

siderably improve the end-use properties of the
polymer resins.38

The reactor residence time is a very important
variable for practical purposes. As the reactor
residence time increases, the cycle period t also
increases, as it is of the same order of magnitude
of the residence time. Therefore, increasing the
residence time may dramatically increase the size
of the surge tank necessary to homogenize the
polymer produced by the reactor during the pe-
riod of oscillation t. Figure 6 shows the tempera-
ture profile obtained with a reactor with a smaller
reactor residence time. The oscillation period was
decreased from 120 to 80 min, even though the
operational window was kept the same. There-
fore, the oscillation period is better characterized
in terms of the ratio between oscillation time and
reactor residence time.

From a practical point of view, the manipula-
tion of the reactor temperature is generally unde-
sirable. First, catalysts are usually very sensitive
to temperature fluctuations. As discussed before,
the manipulation of the reactor temperature re-
quires the manipulation of the catalyst feed rates,
in order to keep the reactor productivity approx-
imately constant. Second, the reactor tempera-
ture must be manipulated through manipulation
of the cooling system variables, such as cooling
water feed flow rates and cooling water feed tem-
perature. Very frequently, it becomes impossible
to follow the temperature policies because ad-
ditional heat-transfer constraints may exist.39

This is particularly true during the decreasing
temperature time intervals, where large water
feed flow rates are needed to remove the heat of
reaction and additionally refrigerate the reac-

Figure 5 (a) Number-average molecular weight profile for period t 5 120 min. (b)
Final MWD of the polymer producing during the oscillation period. Operating condi-
tions: ui 5 20 min; P 5 5 bar. Desired properties of iPP: Mn 5 90,000; PD 5 5.0;
obtained: Mn 5 90,661; PD 5 5.0.
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tion environment. If a chain-transfer agent (hy-
drogen) is used to control the MWD, the imple-
mentation of the oscillatory policies may be
made much simpler.

Figure 7 shows an attempt to obtain broaden
MWDs using hydrogen pressure as the manipu-
lated variable. It can be seen that the final objec-
tives can be achieved if significant perturbations
on the reactor pressure are introduced. It must be
noticed that optimum profiles are roughly consti-
tuted of regions where hydrogen concentrations
are kept around the operation bounds. This type
of operation reduces the operation costs dramat-
ically, as hydrogen concentrations may be easily
manipulated through gas feed and gas vent lines.
Besides, hydrogen may be separated from other
gaseous constituents with reflux condensers and
can be recirculated without much additional pu-
rification.

In spite of the previous discussion, pressure
changes of 10 bars are unacceptable most of the
times, which means that combination with the

manipulation of other variables (reactor temper-
ature) would be advisable in this case. Neverthe-
less, it must be pointed out that the magnitude of
the pressure perturbations will certainly depend
on the metallocene sensitivity to the presence of
hydrogen, so that the magnitude of the perturba-
tion will be smaller for metallocenes that are
more sensitive to hydrogen. An increase of an
order of magnitude of the transfer rates to hydro-
gen would approximately cause a 10-fold reduc-
tion of the pressure perturbations, which would
then be acceptable for practical purposes. There-
fore, it may be said that MCs that are sensitive to
hydrogen concentrations are preferable for PP
production.

An alternative that should not be discarded in
this case would be the use of two continuously
stirred tank reactors in series. The first tank
would operate with hydrogen pressures around 7
bars and residence times of 80 min, while the
second one would operate with hydrogen pres-
sures around 1 bar and residence times of 40 min.

Figure 6 Effect of a smaller residence time: (a) temperature profile; (b) number-
average molecular weight profile; (c) final MWD of the polymer producing during the
oscillation period (t 5 80 min); (d) polymer polydispersion profile. Operating conditions:
ui 5 20 min; P 5 5 bar. Desired properties of iPP: Mn 5 90,000; PD 5 5.0; obtained:
Mn 5 92,457; PD 5 5.0.
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The results obtained are very similar to the ones
presented in Figure 7 because the dynamics of the
growing chains is negligible. In Figure 7, the
MWD of the growing chains is constant through-
out the first 40 min and afterward change for a
second plateau and remain approximately con-
stant during the following 80 min. The continuous
variations of average molecular weights pre-
sented in Figure 7 are due to the continuous mix-
ture of the new polymer chains formed with the
previous ones already present in the reactor. The
main disadvantage of this strategy is that it does
not allow the production of polymer grades with
significantly higher polydispersions (unless addi-
tional reactors are added to the train), which can
be carried out through the periodic operation
without much difficulty.

An additional variable that can be manipu-
lated very easily in an industrial environment is
the monomer pressure (concentration). This may
be achieved through manipulation of the mono-
mer feed rate and/or manipulation of the catalyst

feed rate (to keep reactor productivity stable).
Figure 8 presents an attempt to produce a broad
MWD through optimization of the monomer con-
centration. It can be seen that the reactor pres-
sure, although easy to manipulate, does not allow
the production of a polymer with very broad
MWD (although a polydispersion around 3 is al-
ready adequate for fibers production40). This be-
havior is due to the nature of the chain-transfer
reactions in this catalyst. At lower pressures, the
dominant chain-transfer path is the b-hydrogen
elimination, which does not depend on the mono-
mer pressure, while at higher pressures, the dom-
inant path is the chain transfer to the monomer,
which is not sensitive to monomer concentration.
Therefore, an important issue in the periodic con-
trol is the sensitivity of the polymer properties to
the manipulated variable. This kinetic behavior is
usual for MCs, so that it seems that manipulation of
monomer pressures will not allow the implementa-
tion of useful control policies to widen the polymer
MWD.

Figure 7 Manipulation of the chain-transfer agent: (a) hydrogen-pressure profile; (b)
number-average molecular weight profile; (c) final molecular weight distribution of the
polymer producing during the oscillation period (t 5 120 min); (d) polymer polydisper-
sion profile. Operating conditions: ui 5 20 min; P 5 5 bar; T 5 303 K. Desired
properties of iPP: Mn 5 90,000; PD 5 5.0; obtained: Mn 5 90,617; PD 5 5.0.

RETROFITTING OF OLEFIN POLYMERIZATION PLANTS 449



CONCLUSIONS

The results presented here show that the periodic
operation of continuous polymerization reactors
may allow the production of PP with commercial-
grade polydispersions with MCs in situ through the
proper development and implementation of temper-
ature and hydrogen-pressure policies. Oscillation
periods required were shown to be of the same order
of magnitude of existing commercial processes and
compatible with production schedules. Although
the manipulation of hydrogen pressures is prefera-
ble, as it does not disturb polymer productivity sig-
nificantly and is not limited by heat-transfer con-
straints, this would require the use of more sensi-
tive MCs or the introduction of significant pressure
perturbations upon the reactor operation. In this
case, the use of tanks in series would probably lead
to better process performance.
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(L-BFSG), and Prof. Robert J. Renka (TSPACK) for
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NOMENCLATURE

ak expansion coefficients
C* active site
Cpol polymer concentration in the reactor
DP degree of polymerization
Ed activation energy of the propagation step
Ep activation energy of the propagation step
Et activation energy of the propagation step
hk k-th spline interpolants
kd deactivation rate constant
kd0 preexponential factor of the deactivation

rate constant
kp propagation rate constant

Figure 8 Manipulation of the monomer pressure: (a) hydrogen-pressure profile; (b)
number-average molecular weight profile; (c) final MWD of the polymer producing
during the oscillation period (t 5 120 min); (d) polymer polydispersion profile. Operat-
ing conditions: ui 5 20 min; P 5 5 bar; T 5 313 K. Desired properties of iPP: Mn

5 90,000; PD 5 5.0; obtained: Mn 5 95,350; PD 5 2.7.
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kp0 preexponential factor of the propagation
rate constant

kt transfer-rate constant
kt0 preexponential factor of the transfer rate

constant
lbk k-th lower bound of the control variable
M monomer concentration
Mn number-average molecular weight
Mw weight-average molecular weight
P reactor total pressure without hydrogen
P10 catalyst concentration on the feed stream
PD polymer polydispersion
Pi living polymer chain of size i
PM monomer molecular weight
Qi dead polymer chain of size i
R gas universal constant
Rp polymerization rate
T temperature
tk k-th spline nodes in time
u(t) control variable function
ubk k-th upper bound of the control variable
uk k-th spline nodes in the control variable
W polymer weight fraction
wi polymer molecular weight distribution
Zr metallocene

Greek

a polymerization apparent reaction order
u reactor residence time in relation to the reac-

tor exit stream
ui reactor residence time in relation to the reac-

tor feed stream
ji reference molecular weight distribution
gi i-th moment of a molecular weight distribu-

tion
li i-th moment of the living polymer chains
mi i-th moment of the dead polymer chains
hi i-th weight of the objective function

Vector Quantities

lb vector containing the lower bounds of the
control variable

u vector containing the spline nodes of the con-
trol variable

ub vector containing the upper bounds of the
control variable
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